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Holomorphic first integral

Definition (1)

We say that a germ of holomorphic foliation F(X) has a holomorphic first
integral, if there is a germ of holomorphic map F: (C",0) — (C"~1,0)
such that:

(a) F is a submersion almost everywhere, i.e., if we write
F = (f,,--- ,f,_,) in coordinate functions, then the
(n—1)-form dfjA--- A df,_; is non-identically zero,
equivalently, it has maximal rank except for a proper analytic

subset;

(b) The leaves of F(X) are contained in level curves of F.
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F(X)-invariant meromorphic functions

Definition

Further, a germ f of a meromorphic function at the origin 0 € C" is called
F(X)-invariant if the leaves of F(X) are contained in the level sets of f.
This can be precisely stated in terms of representatives for F(X) and f, but
can also be written as ix(df) = X(f) = 0.
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generic germs

Definition

We say that F(X) is non-degenerate generic if DX(0) is non-singular,
diagonalizable and, after some suitable change of coordinates, X leaves
invariant the coordinate planes.
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First integrals and resonance

@ A generic vector field X € (X(C3,0)) has a holomorphic first
integral F = (f;, &) ifand only if ixdf;j =0, j=1,2,and f;, /, are
transversal off the singular set of X.
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First integrals and resonance

@ A generic vector field X € (X(C3,0)) has a holomorphic first
integral F = (f;, &) ifand only if ixdf;j =0, j=1,2,and f;, /, are
transversal off the singular set of X.

@ Consider a vector field

3
X(x) =3 (1 + a,-(x»aaxj

j=1
with g € Mg, then any F-invariant holomorphic function must be
of the form f(x) = 30 yj>p avxV,ayeC,p>2and N € N® — C3
with C3:={(ny, n2,n3) € N3 : nynonsg = 01,
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First integrals and resonance

i of _ . N, —1
@ Since i = > |nj=p Manx"x; ', then

of(x) of(x) of(x)
P = 2\ Z\7) .
JP(df(X)) o, (Ax1) + 0% (Aax2) + 9% (A3x3)
= Z (/\1n1 + Aafo + /\3n3)aNxN.
IN|=p
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First integrals and resonance

i of _ . N, —1
@ Since i = > |nj=p Manx"x; ', then

of(x) of(x) of(x)
P = 2\ Z\7) .
JP(df(X)) o, (Ax1) + 0% (Aax2) + 9% (A3x3)
= Z (/\1n1 + Aafo + /\3n3)aNxN.
IN|=p

@ From ixdf = 0 we obtain

0= (\ny + Xonp + Agng)ay forall [IN|=p, Ne N> — C5. (1)
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First integrals and resonance

i of _ . N, —1
@ Since i = > |nj=p Manx"x; ', then

of(x) of(x) of(x)
P = 2\ Bl S .
JP(df(X)) = o, (Ax1) + 0% (Aax2) + 9% (A3x3)
= Z (/\1n1 + Aafo + /\3n3)aNxN.
IN|=p

@ From ixdf = 0 we obtain

0= (\ny + Xonp + Agng)ay forall [IN|=p, Ne N> — C5. (1)

@ Thus in the absence of a resonance of the form
ANy + Aanp + Azns =0, (2)

there will be no first integral.
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Lemma

Let M\, X2, A3 € C*, and let (ny, no, nz), (M4, mp, m3) € N® — C3 be
linearly independent and satisfying (2) above. Then there are
m,n, k € Z and \ € C* such that

(/\1,)\2, )\3) = )\(m, n, k)

andm-n-k <0.
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Proposition

Suppose that X € Gen(X(C3,0)) is generic and has a holomorphic
first integral, then Fx can be given in local coordinates by a vector
field of the form

X(x)=mxi(1 + ay (x))% + nxo(1 + azg(x))aix2 — kxa(1 + aa(x))aix3

where m,n,k € Z, and ay, as, as € Ms.
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Sketch of proof

@ Suppose that J'(X) = A1 x 8)( + AoXo 2 = +/\3X3W, then
Lemma 4 assures that its enough to prove that there is a pair of
linearly independent vectors M, N € N® — C; satisfying (2).
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Sketch of proof

@ Suppose that J'(X) = A1 x 8% + Agxga% + /\3x38%, then
Lemma 4 assures that its enough to prove that there is a pair of
linearly independent vectors M, N € N® — C; satisfying (2).

@ Suppose F = (f, g) is a first integral for X, with
f(x) = 3 |njsp anx” and g(x) = 3°, =4 bux™. From (2) we have
0 = (A1n1 + X2z + Agng)ap for all [N| = p. If there are two
distinct ay, an- # 0, then N and N’ satisfy the desired condition.
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Sketch of proof

@ Suppose that J'(X) = A1 x 8% + Agxga% + /\3x38%, then
Lemma 4 assures that its enough to prove that there is a pair of
linearly independent vectors M, N € N® — C; satisfying (2).

@ Suppose F = (f, g) is a first integral for X, with
f(x) = 3 |njsp anx” and g(x) = 3°, =4 bux™. From (2) we have
0 = (A1n1 + X2z + Agng)ap for all [N| = p. If there are two
distinct ay, an- # 0, then N and N’ satisfy the desired condition.

@ Reasoning in the same manner for g we just have to consider the
case f(x) = apx” + 3 y>p 1 anx" and
g(x) = bpx® + DN >pt byx" with |P| = p, and ap, bp # 0.
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@ Now let f; := a‘—Pf = blpg, then it can be written in the form
fi(x) = hi(XP) + X n=g.ng ) OnXN + -+, where hy € Mis a
polynomial such that 4 := deg(h1) < g, where g = |N| is the
least natural number such that there exists ¢y # 0 form some
N ¢ (P), where (P) denotes the ideal in N generated by the
coordinates of P (notice that such g exists, since f and g are
transversal off the origin).
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@ Now let f; := a‘—Pf = blpg, then it can be written in the form
fi(x) = hi(XP) + X n=g.ng ) OnXN + -+, where hy € Mis a
polynomial such that 4 := deg(h1) < g, where g = |N| is the
least natural number such that there exists ¢y # 0 form some
N ¢ (P), where (P) denotes the ideal in N generated by the
coordinates of P (notice that such g exists, since f and g are
transversal off the origin).

@ Pick inductively f := fi_q — hf(T_*;‘)(O) (bipg> TH, where
7x := deg(f), then after repeating this process a finite number of

steps we have ky € Z, such that
fio (X) = 22 Njqng Py ONXN + -
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@ Now let f; := a‘—Pf = blpg, then it can be written in the form
fi(x) = hi(XP) + X n=g.ng ) OnXN + -+, where hy € Mis a
polynomial such that 4 := deg(h1) < g, where g = |N| is the
least natural number such that there exists ¢y # 0 form some
N ¢ (P), where (P) denotes the ideal in N generated by the
coordinates of P (notice that such g exists, since f and g are
transversal off the origin).

@ Pick inductively f, ;= f_1 — hf(T_*;‘)(O) (bipg> TH, where
7x := deg(f), then after repeating this process a finite number of
steps we have ky € Z, such that
fio (X) = X nj—q,ng(py ONXY 4+

@ Since the set of Fx-invariant holomorphic functions is a sub-ring
of O3, then fi, is an Fx-invariant holomorphic function; in

particular it satisfies (1). Therefore, it is enough to pick R ¢ (P)
such that |R| = g and cg # 0.
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Definition

Let X € Gen(X(C3,0)). We say that X satisfies condition (x) if there is a
real line L C C through the origin containing the eigenvalues of X such that
one of the connected components L \ {0} contains a single eigenvalue A(X)
of X. In other words, not all the eigenvalues of X belong to the same
connected component of L \ {0}.
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Let N,M € N® — Cs3 be two vectors satisfying (2), and let f(x) = xVN,

9(x) = xM. Then Sat(df = 0) is transversal to Sat(dg = 0) if and only
if N and M are linearly independent.
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An algebraic characterization of integrable linear vector fields is given
by the following result.

Any linear vector field of the form X(x) = mx; 3% - nxza% — kx3a%3,

where (m, n, k) € Z2 , has a holomorphic first integral of the form
F(x) = (xN,xM), where N,M € N° — C3.
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An algebraic characterization of integrable linear vector fields is given
by the following result.

Lemma

Any linear vector field of the form X(x) = mx; 3% = nxza% — kx3a%3,

where (m, n, k) € Zi, has a holomorphic first integral of the form
F(x) = (xN,xM), where N,M € N° — C3.

Proof.

From Lemma 7 and the calculations made in order to obtain (1), one
can easily check that this is just a matter of finding two linearly
independent solutions in N® — Cs for the homogeneous equation

mx + ny — kz = 0. Therefore, we just have to pick x; := kx; and

¥ =Ky, j =1,2, where (x1, ¥1), (X, y2) € N? are linearly
independent. O
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Let X € Gen(X(C3,0)) be given by

m4 Xy
k

(1 + a(x) L

(1 + an(x) - — T2 -

X(x) = - oxi |k

2 38X3

where my,my,k € Z,, S = (xy =x2=0)and X := (x3 = 1), and
(hy = Hol(Fx, S,¥). We conclude that h is resonant.
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(C.0)

y-axis

X-axis

Figure: The lifting of ~ along the leaves of F.
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Now consider the closed loop v : [0, 1] — S given by
’)/(t) = (0, 0, eth) and let F(XMXQ)(t) = (F1 (t, X1, X2)7 rg(t, X1, Xg), ’Y(t))
be its lifting along the leaves of Fx starting at (x1, x2,1) € . In
particular, the map h € Diff(C?,0) given by [y, .,)(1) = (h(x1, x2), 1)
is a generator of (Fx, S, X). Since Ty, »,)(t) belongs to a leaf of Fy,
then 2T (x, x) (1) = aX(T1(t, x1, X2), F2(t, X1, X2), ¥(t)). From this vector
equation we obtain that v/(t) = a~y(t), and thus « = 2ri. Furthermore
0 2mjﬂ'i

arn:_Trj(-l +aj(r17r23’y))! ./2172,
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If we let Tn(t, x1,x2) = > 54 €7 (t)x{xé and consider the first jet in
the variables (xy, x2) of the above equations, then

(@)= -2 o), i1 .1} @

Recall that I',(0, x1, X2) = X, thus

( ¢ o(0) g 4(t) > _ ( 10 )

Fo(t)  c54(1) U

Thus ¢ (t) = ¢} 1(t) = 0, ¢} (1) = exp(—25'1) and

c3 ,(t) = exp(—2%™ 1) are the solutions for (3). In particular

L () a() ) [ exp(—2may o
hm””‘(%&n %kn)‘( 0" exp(- MW))

(4)
[
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Therefore, his resonant. Notice that the same above computation
shows that if X € Gen(X(C3,0)) is given by

0 d d
X(x) == xi(1+a (X))Tm = Xaxo(1 + 512()())87)(2 + XS&)T@’
thus the holonomy map h(xy, x2) has linear part given by
; [ exp(—27i\) 0
(08) = ( 0 exp(—27iX2) ()

In particular, we conclude that if h has finite orbits, then necessarily
A1, A2 € Q (indeed, this is quite well-known for one-dimensional
germs of diffeomorphisms and one just to consider the restriction of h
to the coordinates axes x; and x, to use this case).
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Let G € Diff(C?,0) and V a neighborhood of the origin where a
representative (also denoted by G) of the germ G is defined. Then we
denote by

O3(G, x) = {G°<">(x) L GO(x)eV,j= o,...,n}

the so called positive semiorbit of x € V by G. Analogously, the
negative semiorbit of x € V by G s the set Oy, (G, x) := O} (G, x).
The orbit of x € V by Gis the set Ov(G, x) = O}(G, x) U Oy (G, x).
The cardinality of Oy (G, x) is denoted by |Oy(G, x)|.
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Orbits

Theorem (Brochero Martinez [4])

Let G € Diff(C?,0), then the group generated by G is finite if and only
if there exists a neighborhood V of the origin such that

|Ov(G, x)| < oo for all x € V and G preserves infinitely many analytic
invariant curves at 0.
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Orbits

Theorem (Brochero Martinez [4])

Let G € Diff(C?,0), then the group generated by G is finite if and only
if there exists a neighborhood V of the origin such that

|Ov(G, x)| < oo for all x € V and G preserves infinitely many analytic
invariant curves at 0.

Using the same arguments as in the one-dimensional case (cf. [10],
Proposition 1.1, p. 475-476), one can prove that a finite abelian (e.g.,
cyclic) subgroup of Diff(C", 0) is always periodic, i.e., it is generated
by a periodic (and linearizable) element. Contrasting with the one
dimensional case, in greater dimensions the finiteness of the orbits in
not enough to ensure the periodicity of the group (cf. [10], Theorem 2,
p. 477).
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Consider the map G(x, y) = (x + y?,y). The orbits of G are confined in
the level sets of f(x, y) = y and are clearly finite. Notice that

#0vy(G, (x,y)) = oo as y — 0, thus G is not periodic nor linearizable.
Furthermore, the orbits Oy (G, (X, y)) are far from being stable, since in
each line (y = ¢) the map G acts as a translation.
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Example

Consider the map G(x, y) = (x + y?,y). The orbits of G are confined in
the level sets of f(x, y) = y and are clearly finite. Notice that

#0vy(G, (x,y)) = oo as y — 0, thus G is not periodic nor linearizable.
Furthermore, the orbits Oy (G, (X, y)) are far from being stable, since in
each line (y = ¢) the map G acts as a translation.

Proposition

Let f,g € O, be generically transverse germs and G < Diff(C?,0) be
a complex map germ having finite orbits and preserving the level sets
of both f and g. Then G is periodic.
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Orbits

Example

Consider the map G(x, y) = (x + y?,y). The orbits of G are confined in
the level sets of f(x, y) = y and are clearly finite. Notice that

#0vy(G, (x,y)) = oo as y — 0, thus G is not periodic nor linearizable.
Furthermore, the orbits Oy (G, (X, y)) are far from being stable, since in
each line (y = ¢) the map G acts as a translation.

Proposition

Let f,g € O, be generically transverse germs and G < Diff(C?,0) be
a complex map germ having finite orbits and preserving the level sets
of both f and g. Then G is periodic.
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|dea of the proof

Since f and g are generically transverse, then one can find a pure
meromorphic function h, = f,/g, whose level sets are preserved by
G. Hence the infinitely many curves f,(X, y) — ¢ - go(X, y) = 0 with
¢ € (C,0) pass through the origin and are invariant by G. Thus
Theorem 9 ensures that G is periodic.
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Sketch of proof

@ Now let us construct h,. If f/g is already pure meromorphic, then
it is enough to pick h, := f/g.



Finite orbits and periodic maps Germs of diffeomorphisms

Sketch of proof

@ Now let us construct h,. If f/g is already pure meromorphic, then
it is enough to pick h, := f/g.

@ Otherwise one has f = h- g, where k € Z, and his a germ of
holomorphic function not divisible by g. Clearly, h is G-invariant,
thus if it has an irreducible component distinct from the
irreducible components of g, then h/g must be a G-invariant
pure meromorphic function.



Finite orbits and periodic maps Germs of diffeomorphisms

Sketch of proof

o

o

Now let us construct h,. If f/g is already pure meromorphic, then
it is enough to pick h, := f/g.

Otherwise one has f = h- gk, where k € Z, and his a germ of
holomorphic function not divisible by g. Clearly, h is G-invariant,
thus if it has an irreducible component distinct from the
irreducible components of g, then h/g must be a G-invariant
pure meromorphic function.

Suppose that the decomposition in irreducible components of g
and h are of the form g = g* - - - gi" and h= g{" - - - g7". Since h
is not divisible by g, then there must be j € {1,--- , n} such that
gp, < pj,- If thereis also j; € {1,---, n} such that g;, > p;,, then
h/g is a pure meromorphic G-invariant function.
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Sketch of proof

@ From now on we suppose that g; < p; forall j = 1,..., n with at
least one jp € {1,--- ,n} such that g;, < p;,. If there is
J1 € {1,---,n} such that g;, = pj,, then after reordering the
indexes (if necessary) we may suppose that: (i) g; < p; for all
i=1,...,n; (ii)gg=pjforalli=ng+1,---,n; for some
ne{l,--,n—1}. Thenh:=g/h=g"" % ...ghn " jsa
G-invariant germ of a holomorphic function. Now, let
st :=[p1/(p1 — g1)] + 1 (where [x] denotes the integer part of
x € R), then a straightforward calculation shows that g/ﬁS1 is a
pure meromorphic function.
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Sketch of proof

@ Hereafter we suppose that g; < p; forall j = 1,..., n. Recall that
the Euclid’s algorithm of a pair of positive integers (p, q), p > q,
is the sequence of pairs of positive integers {(p;, g;) ]”:ﬂ‘ given
by: (1) (Bj+1,Gj1) := (P, Q); (2) pj = q; - 1 + s;, where r; := [p/q]
and s; < q;; (3) (pj+1,9i+1) == (qj, rj); and (4) s, > 0 and
sn+1 = 0. This is called the Euclid’s sequence of the pair (p, q).
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Sketch of proof

@ For simplicity, suppose that g and h have only two irreducible
components, say g = fP(f)P and h = f9(f)9, and let {(p;, q,)}~/’.’:+11
and {(p;,q) ;’j be the Euclid’s sequence of (p, q) and (p, 9),
respectively. If r1 = [p1/q1] < [P1/G4] = T1, then
pr—(rn+1)g1 <0andp; — (1 +1)g; > 0. If p; — (F1 +1)g1 # 0,
then g/h"*' is a G-invariant germ of a pure meromorphic
function, otherwise g/h"*+! = 1/f(n+1)%—Pi and g - (g/h"*")P is
a G-invariant germ of a pure meromorphic function.
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Sketch of proof

@ Arguing inductively along the Euclid’s sequences of (p, g) and
(p, @) one can always construct a G-invariant pure meromorphic
function unless r; =r; forall j = 1,--- ,n+ 1. But this means that
(p7 q) = (asna Bsn) and (57 a) = (O(gn, Bén) for some «, /8 € Z+'
Therefore g, h, and f are powers of the same holomorphic
function £ (), thus f and g cannot be generically transverse. A
contradiction! The reasoning in the case of many irreducible
factors is analogous, being in fact a consequence of the above

reasoning.
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Germs of diffeomorphisms

A straightforward consequence is the following:
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Germs of diffeomorphisms

A straightforward consequence is the following:

Let X € Gen(X(C3,0)) and Sx be the distinguished axis of X.
Suppose that F(X) admits a meromorphic first integral, then the
holonomy group Hol(F(X), Sx, X) is periodic.




Finite orbits and periodic maps

Germs of diffeomorphisms

Non periodic groups with finite orbits

Example

Blowing up G = (g1, g2) = (X + ¥?, y) at the origin one has

Gt,x)=(t—Bx+x2—t'x3+ -  x+ tx)

whose orbits are finite and confined in the level sets of f(f, x) = tx (In fact,
G acts in these level sets of f in some sort of translation whose orbits
increase in cardinality as f(f, x) — 0). From Proposition 11 G does not
preserve the level sets of a couple of generically transverse functions

f,g € Os.




Closed leaves versus first integrals

Non periodic holonomy with finite orbits

Let X(x) = —[x1 — x3(x3)?/2mi] 52 — 3Xe 7 + X370, then
S := {x1 = xo = 0} is invariant by X and the holonomy of F(X) with
respect to S evaluated at ¥ = (x3 = 1) has the form

h(X1,X2) = (X1 = X22,X2).




Closed leaves versus first integrals

Non periodic holonomy with finite orbits

Completing the above example we obtain:
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Non periodic holonomy with finite orbits

Completing the above example we obtain:

Example
Consider the vector field X(X, y, z) = —[x — 5= y?2%] & — 3ya% +z2,
after one blow up along the z-axis one has
1 0 0 0
Xt x,2) = —x(1 — == 12x2?) = — t(2 — Px2®) — + z—
TX(tx2) = =x(1 = gt gy — 1 Vo 20z

which has an isolated singularity at the origin, and whose holonomy with
respect to the z-axis is precisely the map G in Example 13. Thus it satisfies
condition (x) and has all leaves closed but does not admit a first integral in
the sense of Definition 1.




The main result: stability, flags and first integrals.

We consider a germ X € Gen(X(C3,0)) satisfying condition (*).

Definition (stability)

The germ X is transversely stable with respect to Sy if for any representative
Xy of the germ X, defined in an open neighborhood U of the origin, any
open section X C U transverse to Sy with X N Sy = {gz} # {0}, and any
open set Qs € V C X there is an open subset g € W C V such that all
orbits of Xy through W intersect ¥ only in V.




The main result: stability, flags and first integrals.

Lemma

Let G € Diff(C?,0) be represented by the map G: W — V, where

W c V are open neighborhoods of the origin with compact closure.
Suppose G has finite orbits with stable positive semiorbit, i.e., there
are W and V as above with W C V and satisfying G°(")(x) c V for all
x € Wandn e Z,. Then G is periodic, i.e., there is p € Z.. such that
G°P = Id.




The main result: stability, flags and first integrals.

Suppose that X € Gen(X(C3,0)). Then the following conditions are
equivalent:

@ F(X) has a holomorphic first integral.

Q X satisfies condition (), the leaves of F(X) are closed off the
origin and transversely stable with respect to Sx.




The main result: stability, flags and first integrals.

Theorem

Suppose that X € Gen(X(C3,0)). Then the following conditions are
equivalent:

@ F(X) has a holomorphic first integral.

Q X satisfies condition (), the leaves of F(X) are closed off the
origin and transversely stable with respect to Sx.

Let X, Y € Gen(X(C3,0)) be generic germs of holomorphic vector
fields, both satisfying condition (x). Assume that X and Y are
topologically equivalent. Then X has a holomorphic first integral if
and only if Y admits a holomorphic first integral.
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Closed leaves versus first rals
The main result: stability, flags and first |ntegra|s

Theorem

Suppose that X € Gen(X(C3,0)) satisfies condition (x) and let Sx be
the distinguished axis of X. Then the following conditions are
equivalent:

@ The leaves of F(X) are closed off the origin and transversely
stable with respect to Sx;

@ Hol(F(X), Sx, X) has finite orbits and is (topologically) stable;

© Hol(F(X), Sx, X) is periodic;

Q@ F(X) has a holomorphic first integral.
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Closed leaves versus first rals
The main result: stability, flags and first |ntegra|s

Theorem

Suppose that X € Gen(X(C3,0)) satisfies condition (x) and let Sx be
the distinguished axis of X. Then the following conditions are
equivalent:

@ The leaves of F(X) are closed off the origin and transversely
stable with respect to Sx;

@ Hol(F(X), Sx, X) has finite orbits and is (topologically) stable;

© Hol(F(X), Sx, X) is periodic;

Q@ F(X) has a holomorphic first integral.

@ The leaves of F(X) are closed off the origin and there is an
adapted flag (F(X), §(w));

Q@ The leaves of F(X) are closed off the origin and there is a flag
F(X) C §(w) such that §(w) is a Kupka component of radial type.
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